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The Prolate Spheroidal Transform for Gated SPECT
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Abstract—n this paper, we propose a method to calculate the
volume and surface area of the left ventricle (LV) in the prolate
spheroidal coordinate system. The prolate spheroidal coordinate
system is well suited for use with the LV due to the approximately
ellipsoidal shape of the LV. The prolate spheroidal transform was
applied to short axis gated SPECT data, and the volumes of the LV
were calculated from the mid-myocardium surface. Also, we cal-
culated the areas of the mid-myocardial surface. The information
obtained may be used to estimate the LV wall thickening during a
cardiac cycle. This is possible due to the fact that the myocardium
is almost incompressible. The method was verified by performing
tests using the MCAT phantom. The calculations of the LV volumes
and surface areas of the MCAT phantoms agreed with the true
values. The prolate spheroidal transform was also applied to pa-
tient gated SPECT data. Strong correlations were evident between
the calculated volume and surface area values in MCAT simula-
tions and in the patient study. These results imply that the calcula-
tion of the surface area, which is more convenient for hearts with
defects, may be an alternative way to estimate the volumes of the

myocardium.

Index Terms—Gated cardiac SPECT, LV wall thickness, my-

ocardial volume, prolate spheroidal transform.
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RIOR knowledge of the geometry of the left ventricle (LV) * A "
is important for developing mathematical models to inves- [ ___,f’ 1
tigate the global function [1], [2] and for segmenting the LV .
[3]-[5]. Initially, simple geometries, such as spherical, cylin- la=x
drical, and ellipsoidal, were assumed for the LV. In recently de- Y
veloped models [6], [7], the geometry of the LV was assumed
to be a truncated thick-walled ellipsoid with confocal or non-

confocal surfaces (see Fig. 1). Under such an assumption atf

1. (a) Geometry of the ellipsoidal model of the LV showing the focal
h C' and the truncation height above the equator. (b) Cross-section

the shape of the LV, the use of the ellipsoid coordinate systefough the LV showing coordinatésande.
is convenient. The prolate spheroidal transform is defined such

that it transforms the spatial activity distribution of the LV from
the Cartesian coordinatés, i, ) to the ellipsoid coordinates

(&, 8, ¢) according to the following:

z = C'cosh(£) cos(6)

For the MCAT phantom with perfect confocal ellipsoid
shapes, if transformed with the correct focal length the
endocardial and epicardial surfaces of the LV become straight
planes [see Fig. 2(a)] in the prolate spheroidal coordinate
system. Even when using real patient data that are transformed
with an approximateC, the transformed images of the LV
resulted in a simple geometry with approximated plane sur-
faces. This suggests that there is the possibility of segmenting

whereC is the focal length for the prolate spheroidal system.the |eft ventricle in the ellipsoid coordinate system since the

surface detection may be more easily implemented than in the
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the volume it enclosed. During the prolate spheroidal transform
of the data, a trilinear interpolation was used.
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Fig. 3. The symbolic drawing of the ranges of integration and elements used
in the volume and area calculations.

Similarly, for the calculation of the surface area of the LV

S = // Va2 +y2dpdz = // V2 +12.0ap df dg.

S S
(7
We calculated the corresponding Jacobian
9¢ 0%
Jop = det[ oo 9¢ } = Ocosh ¢sin 6 (8)
Fig. 2. (a) For a 16-frame MCAT phantom that simulates a whole cardiac o8 9

cycle, the original images (left) and transformed images in the ellipsoid system
(right). (b) For a set of gated SPECT data that consists of 16 frames, the origiﬁg\
images (left) and transformed images (right).

d arrived at

S = /5 / C?(sinh €)(cosh &)(sin §)? df d¢. 9)

Faberet al. [2], [3] used a mixture of the cylindrical and
spherical coordinate system to detect the surface of the LV andlo calculate the volumes, the range of integration for both
calculate the ejection fraction (EF). While the cylindrical cothe volume and area calculations needed to be specified. In this
ordinate system is used to describe the base and midventrici@aper, the mid-myocardium was the surface used for the surface
section of the LV, the spherical coordinate system is used for tagd volume calculations. Due to the finite resolution of gated
apex region. However, the switch from one system to anottgardiac SPECT, the maximum activity occurs near the mid-my-
seems arbitrary. Declerek al.[8] also used an unconventionalocardium. The location of the mid-myocardium can be found
coordinate system to register and align SPECT images. Cogasily by locating the maximum activity on the ellipsoid coor-
pared with the approaches by others, the greatest advantageio@tes. We calculated the surface area of the mid-myocardium
using the ellipsoid coordinate system in our volume and argad the volume enclosed by it. The integrations [(2) and (5)]
calculations is its simplicity in implementation. were made using a finite sum method. Fig.3 shows the integra-
tion elements and ranges used in these calculations.

Il. METHODS
Ill. RESULTS

To calculate the LV volume and surface area in the ellipsoid

coordinate system, the Jacobian associated with the coordinaté/e used an MCAT phantom to test our method. We per-
transformation [(1)] must be calculated. formed the calculations for the MCAT phantom studies under

The volume of the LV is calculated using various conditions: with and without noise (Fig. 4) and changing
the focal length and translating the left ventricle in the long axis
) (z) direction. In each case, we obtained encouraging results. We
V= ///J d€ df de (4)  also found strong correlations between the calculated values of
% the volume and the area (Fig. 5), which suggests that there is a

ith 7 beina the d .  the Jacobi i defined way to calculate the volume of the LV with large defects indi-
wit eing the determinant of the Jacobian matrix define "fléctly by calculating the area, since the area calculation is less

9 Oz Oz affected by defects.
g? ? g? We then applied this method to gated SPECT data, calcu-
J=det| 3¢ 3 55 |- (5) lating the mid-myocardial volume and area (Figs. 7 and 8). We
% 5 % found the calculated values correlated with the reasonable time-
varying shape during a cardiac cycle, which indicated that the
So, using (1), we have LV contracted faster than it expanded. A strong correlation was
also found between the volume and area calculations (Fig. 6).
J = C?(sinh €)® sin 6(cos §)* + C*(cosh &)? sinh &(sin §)°. The average wall thickness of the LV can be defined as the

(6) volume of the myocardium divided by the mid-ventricular area.
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Fig. 4. Calculated mid-myocardial volumes for the MCAT phantom with anfi9- 7-  The calculated mid-myocardial volumes over 16 time frames in a
without adding noise, compared with real values. cardiac cycle for the gated SPECT data.
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Fig. 8. The calculated mid-myocardial areas over 16 time frames in a cardiac

cycle for the gated SPECT data.

Fig. 5. The log—log plot of the calculated mid-myocardial volumes versus
areas for the MCAT phantom over a cardiac cycle. TABLE |
THE LV VOLUME, SURFACE AREA, AND
WALL THICKNESS OF THEMCAT PHANTOM
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LogiAreal Away to calculate the left ventricle volume and area and track

the LV movement was described. Since thaxis is approxi-
Fig. 6. The log—log plot of the calculated _mid-myocardial volumes versq'ﬁateqy perpendicular to the LV surfaces, it is advantageous to
areas for the gated SPECT data over a cardiac cycle. . . .

use the ellipsoid coordinate system because small elements used

in the integrations fit the geometry well, even in the apex region,
Due to the incompressibility of the myocardium, the averagehere the cross-section size of the LV changes rapidly between
wall thickness of the LV is inversely proportional to the midvenadjacent layers. Though the method is model-based in nature,
tricular area. The average wall thickness of the LV of the MCATfhe calculations are insensitive to the chosen value of the focal
phantom is compared to its actual value in Table I. In the calciength and to the alignment of the images of the left ventricle
lation of the average wall thickness of the LV, the volume of thia the Cartesian coordinate system. While the focal length used
myocardium is known from the log file of the MCAT phantomin the transform was changed over a large range (from 17 to 37
The only factor that affects the calculation of the average watixels, with the exact value being 27 pixels), and the short axis
thickness is the calculation of the midventricular area. image was translated along the axial direction over a range of



FENGet al. THE PROLATE SPHEROIDAL TRANSFORM FOR GATED SPECT 875

20 pixels, the calculated volumes for the MCAT phantom wetbe average thickness of the LV wall for each frame of gated
correct to within 5%. Mathematically, the calculations of th&PECT data, which in turn may indicate how well the heart
volume and area can be carried out in any coordinate systenperforming. If combined with some image registration algo-
if the associated Jacobian matrix and the range of integratidthm, the area calculation can be applied locally to calculate the
are correctly determined. We prefer using the ellipsoid coordécal wall thickening of the LV.

nate system instead of the Cartesian coordinate system becaustaving established an estimation of the wall thickness, the
the ellipsoid coordinate system is better for determining the idetection of the midventricular surface can be used to generate
tegrating region in the volume and area calculations. Since thdéine mesh for the finite-element analysis of the LV.

geometry of the LV can be approximated by a truncated, con-

focal, ellipsoidal model, by choosing the optimal parameters ACKNOWLEDGMENT
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